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Abstract: In this paper, we introduce the q-analogue of generalized M-

series     
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1. Introduction  

In 2008, the M-series studied by Sharma [4] and is given by: 
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where,                                are the pochammer symbols. 

The series in (1.1) is defined when none of the parameters                    is a 

negative integer or zero, If any numerator parameter    is a negative integer or zero, 

then the series terminates to a polynomial in   . From the ratio test it is evident that 

the series in (1.1) is convergent for all   if         also if       it is convergent 

absolutely or conditionally when | |     and   divergent   if         
Further extension of both Mittag–Leffler function and generalized 

hypergeometric function    
  is called generalized M-series introduced and studied by 

Sharma and Jain [5]: 
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The series in (1.2) is convergent for all    if            also it is convergent for 

 | |       if            and divergent if           . 

 

2. MATHEMATICAL PRELIMINARIES 

In the theory of   -series by Gasper and Rahman [1], for real or complex     and 

 | |      
 The q-shifted factorial (q-analogue of Pochhammer symbol) is defined as 
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with               
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If we consider        then as the infinite product diverges when      and | |     
therefore whenever         appears in a formula, we shall assume that | |     
Also, for any complex number    we have 

       
      

        
                                                                                                  

where the principal value of     is taken. 

The q-analogue of power function          is defined as 
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Also, Predrag M. Rajkovic, et al. [9], defined a q-derivative of a function       by 
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Further, the        satisfies the functional equation, 

        
    

   
                                                                                                    

 

Again, the q-analogue of the beta function is defined by 
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The relation between q-beta function and q-gamma function is 

 

        
          

       
                                                                     

 

 

 

Definition 1:- Let          The left-sided and right-sided Riemann-Liouville q-

fractional operator [2], [3] are given by the formulas 
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Definition 2:- Let     and [      The left and right-side Riemann-Liouville 

fractional q-derivatives of order    [2], [3] are defined by 
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3. Main results 

  

In this section, we define the q-analogue of generalized M-series: 

 

Definition 3:- For                 and | |    the function   
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defined as  
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 Where (                are the q-analogue of Pochhammer symbol and        is the 

q-gamma function. 

Moreover, in view of the relation 
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The function    
 
      

  converges under the convergence conditions of the well-

known Fox-Wright generalized hypergeometric function and generalized H-function 

which are as follows, the integral converges if                           on the 

contour C, where   | |                                being real, 

verified by Saxena, et. al.[10]. 

Some special cases of the   
 

 
 
     -function are the following: 
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(i)  The q-Mittag-Leffler function [6]:  when there is no upper and lower   

parameters         ,  we have 
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(ii) The generalized q-Mittag-Leffler function introduced by S.K.Sharma and R.Jain 

[7], is obtained from (3.1) for                     
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(iii)  The q-generalized M-series can be represented as a special case of the q-Wright 

generalized hypergeometric function  
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4. q-fractional calculus of q-generalized M-series: 

  

Theorem 1:- Let                   and        
  be the left-sided operator of 

Riemann-Liouville q-fractional integral (2.13). Then there holds the formula 
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Proof:  By using definition of q-generalized M-series (3.1) and q-fractional integral 

formula (2.13), we obtained 
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Now, using equation (2.3) above expression reduce to 
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     Substituting                               , we get 
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Using equation (2.11), it takes the form 
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Also, using equation (2.12) and on simplification, the RHS of above equation reduce 

to 
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This completes the proof of (4.1).  

 

Remark 1:- If we put                   in (4.1), we shall obtain 
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Theorem 2:- Let                  and       
  be the right-sided operator of 

Riemann- Liouville q-fractional integral (2.14). Then there holds the formula 
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Proof: By using definition of q-generalized M-series (3.1) and q-fractional integral 

formula (2.14), we obtained 
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Using equation (2.3), we get 
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   Substituting      
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Replacing        by       , we get 
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Using equation (2.11), it takes the form  
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Also, using the relation (2.12) and on simplification, the RHS of above equation 

reduce to 
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This completes the proof of (4.2). 

  

Remark 2:- If we put                  in (4.2), we shall obtain 
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Theorem 3:- Let                 and      
   be the left-sided operator of 

Riemann-Liouville q-fractional derivative (2.15). Then there holds the formula 
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Proof: Using (3.1) and q-fractional integral formula (2.15), we obtained 



Research Guru:  Volume-12, Issue-4, March-2019 (ISSN:2349-266X) 

Page | 1012  

Research Guru: Online Journal of Multidisciplinary Subjects (Peer Reviewed) 

  (     
  *         

 
 
 
         

         
        +)     

 

   
 (     

   *         
 

 
 
         

         
        +)     

 

 
 

       
   

  ∫         
  

 ⁄          
 

 

∑
                 

                        
  
         

        
    

 

   

 

 

 

Using equation (2.3), we get 
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    Substituting                     , we get 
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Using equation (2.11), it takes the form 
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Also, using the relation (2.12) and on simplification, the RHS of above equation 

reduce to 
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This completes the proof of (4.3). 

  

Remark 3:- If we put                        in (4.3), we shall obtain 
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Theorem 4:- Let                with      { }    and       and let 

    
  be the right-sided operator of Riemann-Liouville q-fractional derivative (2.16). 

Then there holds the formula 
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Proof: Using (3.1) and q-fractional integral formula (2.16), we obtained 
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Using equation (2.3), we get 
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Using equation (2.11), it takes the form 
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Now using the relation (2.12) and on simplification, the RHS of above equation 

reduce to 
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  Also using equation (2.6), we get 
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This completes the proof of (4.4). 

   

Remark 4:- If we put                  in (4.4), we shall obtain 
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5. Special cases: 

 In this section, we discuss some of the special cases of the main results established in 

the previous section, if we take      in the theorems (1), (2), (3) and (4), we have 

well-known results reported in [8] as follows 
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6. Conclusion: 
The results proved in this paper give some contributions to the theory of the q-

fractional calculus, especially q-analogue of generalized M-series. The results proved 

in this paper appear to be new and likely to have useful applications to a wide range 

of problems of mathematics, statistics and physical sciences. 
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