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Abstract: In this paper, we introduce the g-analogue of generalized M-

series ;’,‘Mf (z; q), its special cases and evaluate certain g-fractional integrals and
derivatives involving g-generalized M-series. Some special cases have also been
discussed.
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1. Introduction
In 2008, the M-series studied by Sharma [4] and is given by:

oM, (al, weenvy Ay by, .....,br;z) = SM,(2)

c (al)k ""'(ap)k Zk
k=0 (bl)k e (br)k F(ak + 1) (11)

where, z,a € C, R(a) >0, and (a;), (bj)x are the pochammer symbols.
The series in (1.1) is defined when none of the parameters b;;s;j = 1,2, .....,7, isa
negative integer or zero, If any numerator parameter a; is a negative integer or zero,

then the series terminates to a polynomial in z. From the ratio test it is evident that
the series in (1.1) is convergent for all z if p <r, also if p =r + 1 it is convergent
absolutely or conditionally when |z| = 1, and divergent if p >r + 1.

Further extension of both Mittag—Leffler function and generalized
hypergeometric function ,F; is called generalized M-series introduced and studied by
Sharma and Jain [5]:

AMP (ay, @z, ..., ap; by, by, . by 2) = EME ((a)); (b))} 2)

pMy(2) =

@)k - (@) 7
apmb(z) = z,a,B € C 1.2
M= 2 B B Tak 1 ) P (12
The series in (1.2) is convergent for all z if p < r + Re(a), also it is convergent for
|z| <& = a®if p =r+ Re(a) and divergent if p > r + Re(a).

2. MATHEMATICAL PRELIMINARIES
In the theory of g-series by Gasper and Rahman [1], for real or complex a and

lql <1,
The g-shifted factorial (g-analogue of Pochhammer symbol) is defined as
n—-1
(@@ = H(l —aq®),nenN (2.1)
k=0

with (a; q)o = i, q* 1
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If we consider (a; q). then as the infinite product diverges when a # 0 and |q| = 1,
therefore whenever (a; q)., appears in a formula, we shall assume that |g| < 1.
Also, for any complex number «, we have
(@ @)oo
(@ @a @® D
where the principal value of g is taken.
The g-analogue of power function (z — a)® is defined as

z-a)’=1 (z-a)f=2(YzDa

s n (RS ALE ]_ o Yz Do
— HL—(a/Z)qjm =7 (qaa/z;q)oo'0<|Q|<1:(Z¢0). (2.3)

(2.2)

j=0

Also, Predrag M. Rajkovic, et al. [9], defined a g-derivative of a function f(z) by
f(2) - f(q2)

()@ == =5, (2 #0.a# D). (24)
and
lim df (2)
g1 D,f(2) = 1z (2.5)
n — n n i
COIORTECHIE (26)
Dy (f(x)g(x)) = g(x)Dgf (x) + f(gx)Dgqg(x) (2.7)
fO)\ _ 9()Dyf (x) — fF(x)Dg9(x)
o) ooy @9
e Tq(u+1) .
DqZM —mzﬂ ,Re(,u)+1 > 0. (29)
Further, the T,(z) satisfies the functional equation,
1 —qg?
LG+1) = _qq r,(2) (2.10)
Again, the g-analogue of the beta function is defined by
(o D
B,(x,y) = Jo t —(tqy; Do dg (1) (2.11)
The relation between g-beta function and g-gamma function is
[ T,
B,(x,y) = #ﬁ(yy)) (Re(x) > 0,Re(y) > 0) (2.12)
q

Definition 1:- Let 0 < a < 1. The left-sided and right-sided Riemann-Liouville g-
fractional operator [2], [3] are given by the formulas
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I§arf(x) = ;C(;)f i Dar f(t)dgt (2.13)
q a
and
a 1 a-1,9%X
lap-f () =15 )f (5 Qa-f (Odgt (2.14)
qx

Definition 2:- Let « > 0 and [@] = m. The left and right-side Riemann-Liouville
fractional g-derivatives of order a [2], [3] are defined by

Dga+f(x):= D" Igay f(x) (2.15)
and
Dgp-f(2): = (%)m a1 lap f(x) (2.16)

3. Main results

In this section, we define the g-analogue of generalized M-series:

Definition 3:- For a,f € C,R(a) >0 and |q| < 1the function ng(z; q) is
defined as

‘;Mf(z; q) = %Mf(al,az,. .« Qp;by, by, .. by Z3q)

(CEH )T (api Dk z*

£t (by; Qe ----- (br; D1 (@ i Ty(ake + B)

(3.1)

Where (a;; )k, (bj; @), are the g-analogue of Pochhammer symbol and I;(4) is the
g-gamma function.

Moreover, in view of the relation
((FH )T (api D z"
£t (bi; @) -+ (bri Dk (@ D Ty(ak + )

aMP (2 q) =

j=1Tabj (a, DY, (L,1) ql
?=1an1 PHPTL (b, 1), (B@) “

— ;::1 Fqb] 1,p+1 I_Z_ q ‘ (1 —a;, 1)17' (0,1)
T Ta v | 75 0,1, (1 - by, D, (L - o)

The function ng (z; @) converges under the convergence conditions of the well-
known Fox-Wright generalized hypergeometric function and generalized H-function
which are as follows, the integral converges if Re[slog(z) — logsinms] < 0, on the
contour C, where 0 < |q| <1,logq = —w = (w; + iw,). w; and w, being real,
verified by Saxena, et. al.[10].

Some special cases of the ng (z; g)-function are the following:
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(1) The g-Mittag-Leffler function [6]: when there is no upper and lower
parameters (p =r = 0), we have

had k
E )= ME(——z9) = S A— 3.2
wp @D = MY (=i =izq) ;Fq(akw) (3.2)

(if) The generalized g-Mittag-Leffler function introduced by S.K.Sharma and R.Jain
[7], is obtained from (3.1) for p=r=1;a=y€C(C; b= 1:
C @ D z* B
EY .(zq) = = IM; (q7; q; z) 3.3
0!,,8 q & (q' q)k Fq(ak‘l'ﬁ) 171 q q ( )
(iii) The g-generalized M-series can be represented as a special case of the g-Wright
generalized hypergeometric function

amP (a5 )% ; (b Qs 7 210)
_ = Lo(b) o -, Tqa; + k) z"
j=1Ta(a;) & =i Ty (b + k) Tqlak +f)

(3.4)

4. g-fractional calculus of g-generalized M-series:

Theorem 1:- Let @ > 0,5 >0,y > 0,a € R and I, be the left-sided operator of
Riemann-Liouville g-fractional integral (2.13). Then there holds the formula

(1804 [ £ 5MY ((azs O (b DT atP; 9)]) ()
- T
= X BV (0 )Y (b @) axFs ) (4.1)

Proof: By using definition of g-generalized M-series (3.1) and g-fractional integral
formula (2.13), we obtained

K= (1g0+[ty‘1 MY ((aj; % (by; @) atb; q)]) (x)

xa—l X

l—‘q (a) 0

qt/ . y—1 N (ay; Qe - (ap; Dk akthk
(fxias kZO(bl:q)k oo O D (@ D TaBRF )

Sy (e G < [ s a1yt
g(@) & (by; Qi - (br; D (@3 D LBk +7) g

Now, using equation (2.3) above expression reduce to

- 1 i (ag; Qe - (Ap; e ak

Fg(@) &t (b1; Qe o (br; D (@ D Tg(Bk +Y)

x
-1 % k+y—1
XJO x* m thk+y dqt
yq -

o qt
_ 1 z (@ @ - (Ap; P a* Lo f’“ (x’q)oo (BRHY-1 g 4
Tq(@) &4 (by; Qic - (brs D (@ Die Te(Bk +7) 0 !
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Substituting t=%¢x = dgt=xdg&, we get

(a'l; q)k e (ap; q)k ak a+ﬁk+y_1

k=LY
- Tq(@) &t (by; Qe oo (b Die (@ D Te(Bk +7)

! IRCTH O™
Prk+y—-1 2> 12170
><jo ) (9% q) o eS8

Using equation (2.11), it takes the form
(a1; Qg - (Ap; i a

k=LY ‘
" T (@) £ (s D - (s D (4 D Ty (B +7)

xa+ﬁk+y—1 Bq(ﬁk + Y, (Z)

Also, using equation (2.12) and on simplification, the RHS of above equation reduce
to

AN (@@ (@i )i (axPy
— yaty—1
e kZO(bl; Drcrer by i (@ D T B +y + @)

= XM (a5 9)F; (b )T axFs )

This completes the proof of (4.1).

Remark 1:-Ifweput p=r=1, a=46 € C, b = 1in(4.1), we shall obtain
(180 7 B, (at; ))() = 277 B, (axFs )

Theorem 2:- Let @ > 0,5 >0,y > 0,a € R and I7_ be the right-sided operator of
Riemann- Liouville g-fractional integral (2.14). Then there holds the formula

(Ié,",_ [f_“_y MY ((aj; @)Y (bys qzry: atF; q)]) (x)
X
= oMY (a5 @)% (b3 )5 ax#; q) (4.2)

Proof: By using definition of g-generalized M-series (3.1) and g-fractional integral
formula (2.14), we obtained

K = (18|t oMY (a5 )% (b DT at 3 9)]) (0

ta—l

= ” qx; . —a-y N (al; Q)k .....(ap; q)k akt—Bk
FQ(“) qu( /t,CI)a_lt ;(bl; Q)k (br:q)k (q, Q)k Fq(ﬁk‘l']/) dqt

_ 1 N (ay; Dk - (ap; Di ak ® ax; e
= [y (@) ;}(bl;q)k e (b D (@ QOie Tg(BE+7) Lx( /t»CI)a—lt dgt

Using equation (2.3), we get
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k

K = Z (al' q)k (ap' q)k a
o (@) &t (b )i - (brs Die (@ e Tq(BK +7)

xfoot =Bk 1%@
ax “ax, o

t

. . _ax _ —ax _ X

Substituting t = : = dgt = D d,¢ = = dg¢, we get

— 1 Z (al; q)k (ap' q)k ak —)/—ﬁk q—)’—ﬁk—l
Tg(@) & (by; Qg oo (br; Dk (@ Die Tg(Bk +7)

& Do
+Bk— 1
f &7 @ Qe das

Replacing () by (uq), we get
© k

_ Z (ay; Dk (ap' Dk a
[g(@) & (by; D o+ (brs D (@ D Ty (Bl +7)

1 ( .
VP (g Qoo
x x VY ~Bk g lf (VP12 22 g ()
0 (M9% @)oo

Using equation (2.11), it takes the form

— 1 - (al;Q)k .....(ap;q)k ak x_y_ﬁk
= l"q(a) z (b1 Qi oo (br; i (G D Fq(ﬁk +7) q B,(y + Bk, @)

Also, using the relation (2.12) and on simplification, the RHS of above equation
reduce to
oo k
_ x‘VZ (@ Qp - (ap; Die (ax~F)
(b1; D v - (br; Die (@ Die Tq(Bk +y + @)

X7V gy aty p r. o B
— My (a5 )15 (b5 @)1ax77;5q)

This completes the proof of (4.2).

Remark 2:- Ifweput p=r=1,a=4§ € C,b = 1in (4.2), we shall obtain

14
(-1 By (@ )6 = - Bfary (@ i)

Theorem 3:- Let a > 0,8 > 0,y > 0,a € R and Dg, be the left-sided operator of
Riemann-Liouville g-fractional derivative (2.15). Then there holds the formula

(Dgor [ £ MY ((azs )Fs (b DT atPs 9)|) (@)
P — T
= X7 EM (a5 )Y (b q) s axP q) (4.3)

Proof: Using (3.1) and g-fractional integral formula (2.15), we obtained
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K = (Dgos [0 5MY (002 (b ) at; 9)]) ()
= Dk (1i58| e oMY (a5 @)% (s ) et 9)]) ()

= —1 P qt/ ) (ay; Qi e+ (Ap; Qi ak¢hk+y-1
= k — Dq X ( x;q)k_a_l b - b - : F k dqt
Fq( a) 0 k=0( 16Dk e (brs Qi (@ D q(ﬂ +y)

Using equation (2.3), we get
K = 1 Z (ay; Qi -+ (ap; Qi a
Fq(ke = @) &t (b1; @i -+ (br; Qi (@ i Tg(Ble +y)

- (Fa),

k

),
Substituting t =¢&x = d,t = xd,¢, we get
- 1 Z (a1; Qg - (@p; i ak
Fg(k — @) & (by; Qi - (brs D (@ Die Ty Bk +7)
! (g )
x Dk xk—a+[3k+y—1f y+Bk-1 |
1 0 J (9% Qo a$

Using equation (2.11), it takes the form
K = 1 i (@y; Qi - (Ap; i a
Fg(k — @) & (by; Qi -+ (brs D (@ Die Ty Bk +7)
X Df x*~atBk+Yy=1 B (Bk + v,k — a)

k

Also, using the relation (2.12) and on simplification, the RHS of above equation
reduce to

a5k (@ ) (axP)
— ,¥—a-1
e kZO(bl; Dby Dic @ D Tq Bk +y — @)

=7~ EM T (g ) (b ) axf )

This completes the proof of (4.3).

Remark 3:-Ifweput p =r =1, a=6 € C, b =11in(4.3), we shall obtain
(D&os [t B, (ath; q)]) () = x'=%71Ef, _ (axF; q)

Theorem 4:- Let «a >0, >0, y >0, with y—a+{a}>1and a €R and let

Dg_ be the right-sided operator of Riemann-Liouville g-fractional derivative (2.16).

Then there holds the formula
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(pg-[t= EMY (a5 % (b DT a3 9)]) @

1T .
= oMY (a3 )% (b3 q) s axF5q) (4.4)

Proof: Using (3.1) and g-fractional integral formula (2.16), we obtained
K = (Dg- [t 5MY ((a )% (b ) 0t )] ) ()

PN
= (2) bl (<o bz ey ot it *50)]) @)

iy () o [ e
Fq (k — CZ) q a qx t femamt

y i (@3 Qi - (@ D akt=Pk
br Dt o D (@ D T BE D)

k

_ z (as; @ (ap’ Dk a
Tk — a) & (b1; Qi - (brs D (@ Die Tg(Bk +7)

-1 k Ioe) X
ot [
qx

Using equation (2.3), we get
K = Z (as; @k -----(api D a
[k —a) £t (by; e e (br; Dic (4 D Tg (B +7)

k

—1\k 00 (ﬂiQ)w
% (7> D(I;_1 qu tk—=y—Bk-1 (‘l"i—;q)w dgt

t

Substituting t=-- = d,t= f(fq) qf— > d, &, we get

(a1; Qe -+ (Ap; D ak

= [k —a) kZo (b1; Qe - (br; Die (@G Die Tg(Bk +7)

—1\k 1
X (_1> D(’;_1 xk—y—ﬁqu—y—ﬁk—lf €—k+y+[>’k—1
q 0

(& Do
(@1 Qo

dg¢

Replacing (&) by (uq), we get

(as; @k - (api Dk ak

f7T (k —a) Z (b1; Qe - (br; D (@5 D Tg(Bke +y)

1 ( .
Bk — _ . W 9o
X(_> DK k==l 1] () krpe-1 MG D
q/ " ) @ Qoo a()

Using equation (2.11), it takes the form
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P i (@3 D - (@p; O a
Ik — ) e (b1; Qi oo (br; Dk (@ Qi Tg(BE+y)
N
x (7> Dy x*VBk q 1 B, (~k + + Bk, k — @)

Now using the relation (2.12) and on simplification, the RHS of above equation
reduce to

k

K = 1 i (ay; D - (ap; D a (—_1)" Dk, xk-v-Bi
q &= (b Qe - (Or; Qi (@G Qe Tg(Ble+y) N g/ 1

Iy(=k + vy + Bk)
Ie(v + Bk — a)

Also using equation (2.6), we get

1 C (a1 P - (Ap; Pie ak -1 k , k(x"""’”‘)
f=a ;wl;q)k msr e v K
Lo~k + + BK)
Ie(v + Bk — a)

1 (a1 @k - (Ap; Pie a*

— 1)k —V—Bk
g T kzzo(bl: Dicrr i e @ Dr. Ty BEHT)
Iq(k—y—PBk+1) T,(—k+vy+ pBk)
Iq(=y—Bk+1) T,(y+pPpk—a)

= ey (D i (@5 @ @@y =Bkt L) (ax )’
q P (by; Dk ooe - (s Dk (@ D DA =Pk —y;q), (B +y — @)

_L x~Y i (a1;Q)k .....(ap;q)k (ax_ﬁ)k
g1 £t (by; Qi - (br; Qi (@ D LBl +y —a)

1 - —
~ gkt X7 EMY T ((a;: 9)F; (b @)%, axF; q)

This completes the proof of (4.4).

Remark 4:- Ifweput p=r=1, a=6 € C, b = 1in (4.4), we shall obtain
a a-y 6 -B. _ 1 -y 6 -B.
(Dg-[t E[)’,y(at ;a)]) () = g1 X7V Egy_a(ax™";q)

5. Special cases:
In this section, we discuss some of the special cases of the main results established in

the previous section, if we take g = 1 in the theorems (1), (2), (3) and (4), we have
well-known results reported in [8] as follows
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1%, [t” 1 ﬁMy((a] (b) atﬁ)]) = x**tr-1 ﬁM‘Hy((a] (b) ax?)

(16
(I [t‘“"’ f,MZ ((aj)zl); (bj)I; at‘ﬁ)]) (x)= x77 [;Mfﬂ/((a]-)p; (b]-)z; ax~P)
(

Dg, [ =1 EMY (@) (b7 at?)|) () = 2741 EMI (@) (b)) ax)

(Df‘[t“"’ /;MZ ((aj)f;(bj)I; at‘ﬁ)]) (x)=x77 ﬁMy “((@)¥ (b) ax”

6. Conclusion:

The results proved in this paper give some contributions to the theory of the g-
fractional calculus, especially g-analogue of generalized M-series. The results proved
in this paper appear to be new and likely to have useful applications to a wide range
of problems of mathematics, statistics and physical sciences.
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